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Hawking’s singularity theorem concerns matter obeying the strong energy condition
(SEC), which means that all observers experience a non-negative effective energy density
(EED). The SEC ensures the timelike convergence property. However, for both classical
and quantum fields, violations of the SEC can be observed even in the simplest of cases,
like the Klein-Gordon field. Therefore there is a need to develop theorems with weaker
restrictions, namely energy conditions averaged over an entire geodesic and weighted lo-
cal averages of energy densities such as quantum energy inequalities (QEIs). We present
lower bounds of the EED for both classical and quantum scalar fields allowing nonzero
mass and nonminimal coupling to the scalar curvature. In the quantum case these bounds
take the form of a set of state-dependent QEIs valid for the class of Hadamard states.
We also discuss how these lower bounds are applied to prove Hawking-type singularity
theorems asserting that, along with sufficient initial contraction, the spacetime is future
timelike geodesically incomplete.
Keywords: quantum fields, gravity, energy conditions, quantum inequalities, singularities
1. Introduction
A spacetime is defined to be singular if it possesses at least one incomplete geodesic.
The question of whether or not cosmological models either originate or terminate
in singularities has been an active subject of research since the formulation of the
general theory of relativity. Initial efforts focused on models with high levels of
symmetry, until Raychaudhuri’s 1955 paper1 paved the way to more general re-
sults. The Raychaudhuri equations in their modern form2 present the evolution of
geodesic congruences, and are the heart of most singularity theorems. For a timelike
irrotational congruence with velocity field Uµ, the expansion θ = ∇ · U satisfies
∇Uθ = RµνU
µUν − 2σ2 − θ2/(n− 1) , (1)
where n is the spacetime dimension, σ is the shear scalar and Rµν is the Ricci
tensor. Senovilla3 has described the singularity theorems in terms of a ‘pattern
theorem’ with three ingredients: an energy condition establishes a focussing effect
for geodesics, a causality condition removes the possibility of closed timelike curves,
and a boundary or initial condition establishes the existence of some trapped region
of spacetime. We divide singularity theorems into ‘Hawking-type’ after Hawking’s
∗Contributed talk by E.-A.K. in the AT3 session on Wormholes, Energy Conditions and Time
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original theorem4 and ‘Penrose-type’ after Penrose’s5, depending on whether they
demonstrate timelike or null geodesic incompleteness respectively. Hawking-type
results, which concern us here, are based on the strong energy condition (SEC),
which requires that the effective energy density (EED) is non-negative. The EED
is defined as ρU := TµνU
µUν − T/(n − 2) and is easily made negative at individ-
ual points even for the classical minimally coupled scalar field. This situation is
exacerbated in quantum field theory (QFT), in which none of the pointwise energy
conditions can hold6.
For these reasons there has long been interest in establishing singularity theo-
rems under weakened energy assumptions, such as requiring the averaged energy
along the geodesic to be non-negative. Examples of singularity theorems with such
conditions include Refs. 7–9 but none of them address the case of a condition obeyed
by quantum fields. Within a QFT the weakened energy conditions take the form of
quantum energy inequalities (QEIs). These were introduced by Ford10 and express
a restriction on the possible magnitude and duration of any negative energy densi-
ties or fluxes. Our approach follows Ref. 11 which proved singularity theorems with
energy conditions inspired by QEIs. For the Hawking-type theorem, it is assumed
that
∫
Rµν γ˙
µγ˙νf2(τ)dτ ≥ −|||f |||2 , (2)
on any timelike geodesic. Here γ˙µ is the tangent to the timelike geodesic γ, ||| · |||2
is a Sobolev norm of the form |||f |||2 =
∑L
ℓ=0Qℓ||f
(ℓ)||2 and Qℓ are non-negative
constants. It is also assumed that there is a compact Cauchy hypersurface inter-
sected by γ at τ = 0. Then the spacetime is future timelike geodesic incomplete
provided that the required initial contraction obeys
θ(0) ≤ −
c
2
−
∫
∞
−τ0
Rµν γ˙
µγ˙νdτ − |||f |||2 , (3)
for some c > 0 and f ∈ C∞(R) with supp f ⊂ [−τ0,∞), f(τ) = e
−cτ/(n−1) on
[0,∞). It might seem strange at first that large positive values of Rµν γ˙
µγ˙ν require
larger initial contraction. The reason is that the average energy condition of Eq. (2)
means that large positive energies in the past (before the θ(0) is measured) allow
large negative energies in the future that can lead to a divergence of the congruence.
The purpose of this contribution is to describe bounds on the EED for classical
and quantum fields, show that they are of the form of Eq. (2) and estimate the
contraction needed to prove singularity theorems. In Sec. 2 we treat the classical
Einstein-Klein-Gordon field while in Sec. 3 we present a bound on the renormalised
expectation value of the EED for the non-minimally coupled quantum scalar field. In
Sec. 4 we conclude with a summary and discussion of future work. Our geometrical
conventions are those of Ref. 11 and we work on a globally hyperbolic manifold M .
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2. A singularity theorem for the Einstein-Klein-Gordon field
The non-minimally coupled scalar field obeys the field equation Pξφ = 0 with
Pξ := g +m
2 + ξR, where ξ is the coupling constant and
Tµν = (∇µφ)(∇νφ) +
1
2
gµν(m
2φ2 − (∇φ)2) + ξ(gµνg −∇µ∇ν −Gµν)φ
2 . (4)
For this stress-energy tensor, after some manipulation, the averaged EED on a
timelike geodesic γ is
∫
γ
dτ ρU f
2(τ) =
∫
γ
dτ
{
−
1− 2ξ
n− 2
m2f2(τ) +
(
1− 2ξ
n− 1
n− 2
)
(∇γ˙φ)
2f2(τ)
+
2ξ
n− 2
hµν(∇µφ)(∇νφ)f
2(τ) + 2ξ[∇γ˙(f(τ))φ]
2 − 2ξφ2(f ′(τ))2 − ξRξφ
2
}
, (5)
where Rξ = Rµν γ˙
µγ˙ν − 2ξ/(n − 2)R, and hµν = γ˙µγ˙ν − gµν is a positive definite
metric. For ξ ∈ [0, ξc], where ξc is the conformal coupling constant, all the curvature
independent terms have a definite sign, so
∫
γ
dτ ρU f
2(τ) ≥ −
∫
γ
dτ
{
1− 2ξ
n− 2
m2f2(τ) + ξ
(
2(f ′(τ))2 +Rξf
2(τ)
)}
φ2 . (6)
For a field obeying the Einstein’s equation, we have that 8piρU = Rµν γ˙
µγ˙ν and
(n/2− 1)R = 8piT . Moving the curvature terms to the left hand side of Eq. (6)∫
Rµν γ˙
µγ˙νf(τ)2 dτ ≥ −Q(‖f ′‖2 + Q˜2‖f‖2), (7)
with Q and Q˜ positive constants that depend on φmax ≥ |φ|, m, ξ and n. We can
show that if
θ(0) < −Q˜
√
Q(n− 1) +
Q2
2
−
1
2
QK coth (Kτ0) ,
with K2 ≥ Q˜2 +Q−1Rµν γ˙
µγ˙ν on (−τ0, 0] , (8)
on a compact Cauchy surface, the spacetime is future timelike geodesic incomplete.
Finally, we want to estimate the necessary contraction for realistic scalar fields,
using a hybrid model: a quantised scalar field in Minkowski spacetime of dimension
4, in a thermal state of temperature T < Tm, Tm = mc
2/k with the maximum
field value set by the expectation value of the Wick square at that temperature,
φ2max ∼ 〈:φ
2:〉T . As an example we consider the Higgs field with m = 125GeV/c
2,
θ(0) ∼ 10−14s−1 for temperature up to T = 1013K. Similar results are obtained for
other examples. We conclude that when the field mass is taken equal to that of an
elementary particle, and provided that the temperature stays below early universe
levels we need very little initial contraction for geodesic incompleteness a.
aA detailed proof of the theorem and estimation of the initial contraction is given in Ref. 12.
April 2, 2019 1:9 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in paper page 4
4
3. Strong quantum energy inequality
To quantise the EED we will follow the algebraic approach. We only con-
sider quasifree, Hadamard states ω, for which the two-point function W (x, y) =
〈Φ(x)Φ(y)〉ω has a prescribed singularity structure so that the difference between
two states is smooth.
We follow the methods of Hollands and Wald13,14 to quantize the stress-energy
tensor in a systematic and locally covariant way, and then define the EED as a
quantum field by ρU (f) = Tµν(U
µUν − gµν/(n− 2)f). We are interested in expec-
tation values of the quantized EED in state ω, normal ordered relative to a reference
Hadamard state ω0, 〈:ρU :(f)〉ω = 〈ρU (f)〉ω − 〈ρU (f)〉ω0 .
We now turn to the derivation of a quantum strong energy inequality (QSEI),
a bound on the renormalised expectation value of EED averaged along a timelike
geodesic γ. Choose any smooth n-bein ea (a = 0, . . . , n − 1) on a tubular neigh-
bourhood of γ, so that Uµ = eµ0 is everywhere timelike and agrees with γ˙
µ on γ.
The expectation values of the EED in Hadamard state ω can be written in terms
of the coincidence limits, [·] acting on :W : =W −W0. Then we have
〈:ρU :〉ω = [ρˆ1:W :] + [ρˆ2:W :] +
(
ξRξ −
1− 2ξ
n− 2
m2
)
[:W :] with (9)
ρˆ1 =
(
1− 2ξ
n− 1
n− 2
)
(∇U ⊗∇U ) +
2ξ
n− 2
n−1∑
a=1
(∇ea ⊗∇ea) , (10a)
ρˆ2 = −2ξ(1⊗s U
µUν∇µ∇ν) , (10b)
where ⊗s is the symmetrised tensor product P ⊗sP
′ = [(P ⊗P ′)+(P ′⊗P )]/2. The
contribution of the terms deriving from ρˆ1 to the averaged EED can be bounded
from below, uniformly in ω, using the methods of Ref. 15. By contrast, the mass
term is negative definite for ξ < 1/2, while the geometric term Rξ has no definite
sign in general. This leaves ρˆ2, the contribution of which can be manipulated to a
more convenient form. With these considerations we can prove
〈:ρU : ◦ γ〉ω(f
2) ≥ −
(
Q1[f ] + 〈:Φ
2: ◦ γ〉ω(Q2[f ] +Q3[f ])
)
where (11)
Q1[f ] =
∫
∞
0
dα
pi
(
φ∗(ρˆ1W0)(f¯α, fα) + 2ξα
2φ∗W0(f¯α, fα)
)
, (12a)
Q2[f ] =
1− 2ξ
n− 2
m2f2(τ) + 2ξ(f ′(τ))2 and Q3[f ] = ξRξ(γ(τ))f(τ)
2 . (12b)
Here φ∗ is the distributional pull-back on the geodesic. An important feature of the
QEI (11), is that the lower bound depends on the state of interest ω. We should
note however, that the only nontrivial quantum field appearing in the bound is the
Wick square :Φ2: which enables us to show that the QEI derived is nontrivial (see
Ref. 16 for more details).
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The establishment of a QSEI is a first step towards a Hawking-type singularity
theorem result employing QEI hypotheses. Here we outline a method of obtaining
such a result, part of an ongoing work to appear elsewhere. The singularity theorems
require a geometric assumption, a condition on the curvature rather than the stress-
energy tensor. In the case of classical fields we can use the Einstein equation while
when we are treating quantum fields on a classical curved background we can instead
use the semiclassical Einstein equation (SEE), 〈Tµν〉ω = 8piGµν . In order to use the
QSEI and the SEE for general curved spacetimes the EED needs to be renormalised
by subtracting the Hadamard parametrix instead of a reference state. To overcome
this problem we note there is evidence (see e.g. Ref. 17) that in situations where
the curvature is bounded we can find a uniform length τ0 which is small compared
to local curvature. Then the Hadamard parametrix on τ0 approximates that of flat
spacetime. Following, we can use Eq. (11) for f ∈ C∞0 supported only to intervals
with lengths at most 2τ0. Choosing a state ω and a metric gµν that satisfy the EED
and the stress energy tensor renormalised with respect to the Minkowski vacuum,∫
dτf2(τ)RµνU
µUν ≥ −8pi
[ ∫
∞
0
dα
pi
φ∗((∇U ⊗∇U )W0)(f¯α, fα) +
µ2φ2max||f ||
2
n− 2
]
,
(13)
where we also set ξ = 0, µ is the mass of the field and we restrict to a class of
Hadamard states for which |( : Φ2 : γ)ω| ≤ φ
2
max.
To discuss averages over long timescales we will use a partition of unity. We de-
fine bump functions each supported on (−τ0, τ0) and thus obtain a sum of integrals,
each of which can be bounded by Eq. (13). Then for even numbers of spacetime
dimensions (m = n/2), we can show that for f supported on (−∞,∞) we have∫
∞
−∞
dτf2(τ)RµνU
µUν ≥ −Qm(||f
(m)||2 + Q˜2m||f ||
2) , (14)
where the Qm and Q˜m depend on φmax, µ, and the maximum values of the chosen
bump function and its derivatives. This is an inequality of the form of Eq. (2) so it
can be used as a condition to a Hawking-type singularity theorem.
4. Conclusions
In this work we presented the derivation of lower bounds on EED for the classical
and quantum non-minimally coupled scalar field. In the classical case we presented
the proof of a Hawking-type singularity theorem for the Einstein-Klein-Gordon
field and estimated the required initial contraction to have future timelike geodesic
incompleteness. In the quantum case, using the SEE we showed that we can obtain
a condition on the curvature to be used as a hypothesis for a singularity theorem.
Apart from estimating the required initial contraction for the quantum case, the
obvious extension of this work is the derivation of an absolute (Hadamard renor-
malised) QSEI for spacetimes with curvature. Another direction is the derivation
of a Penrose-type singularity theorem with a condition obeyed by quantum fields.
April 2, 2019 1:9 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in paper page 6
6
Finally we should note that similar proofs with weakened energy conditions seem
to be possible for other classical relativity theorems.
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